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Abstract 
Kuriki, S., On existence and construction of balanced arrays, Discrete Mathematics 116 (1993) 
1377155. 
This paper surveys existence conditions and construction procedures for balanced arrays. A neces- 
sary and sufficient condition for the existence of an s-symbol balanced array of strength t with 
m constraints is discussed. The construction of an s-symbol balanced array of strength 2, based on an 
(r, i)-design with mutually balanced nested subdesigns, is presented. Related open problems are 
exhibited. 
1. Introduction 
As a generalization of orthogonal arrays, the concept of balanced arrays was 
first introduced by Chakravarti [l]. We begin with the definition of balanced 
arrays. 
An n x m matrix T whose elements are from the set (0, 1, . . , s - l} of s symbols is 
called an s-symbol balanced array of strength t, size n, with m constraints and index set 
Ar = {L&2 1, ,...,l,-,)lOdlj<t, 61: lj= 3 t , and is denoted by BA(n, m,s, t; J,), if 
every n x t submatrix T, of T is such that every 1 x t row vector containing 
lo O’s, 1i l’s, . . , I,_ 1 (s- 1)‘s occurs exactly p(I o, ,,...,I,_,)timesasarowofT,.Itcan 1 
easily be checked that 
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where 
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a 
bo,bl,...,b,-1 
denotes the multinomial coefficient. If ,u(lO, il, .., , l,_ 1)=p for every (1,, 11, . . . , l,_ 1), 
then the array is called an s-symbol orthogonal array of index p, and is denoted by 
OA(n, m, s, t; p), where n = ps’. 
Example 1.1. A 22 x 3 matrix 
[ 
0000000011111112222222’ 
0011122200011220001122 
2200111201102020121200 1 
is a BA(22,3,3,2; AZ) with indices ,~(2,0,0)=~(0,2,0)=~(0,1,1)=~(0,0,2)=2 and 
~(1, l,O)=p(l, 0, l)= 3, where P’ denotes the transpose of the matrix P. 
A BA(n, t, s, t; A,) can always be constructed. A BA(n, m, s, t; A’,) with m> t, how- 
ever, may not exist for an arbitrary set of values of parameters. 
Various construction methods for balanced arrays have been given by Chakravarti 
[Z], Chakravarty and Dey [3], Dey, Kulshreshtha and Saha [6], Kageyama [9], 
Kuriki and Fuji-Hara [14], Rafter and Seiden [19], and many others. Many balanced 
arrays have been constructed by utilizing the properties of block designs. With respect 
to upper bounds on the maximum number of constraints for balanced arrays, we can 
refer to Chopra [4,5], Rafter and Seiden [19], Saha, Mukerjee and Kageyama [21], 
Yamamoto and Aratani [27], and Yamamoto, Kuwada and Yuan [30]. 
Necessary and sufficient conditions for the existence of a BA(n, m, 2, t; A!,) were 
obtained for m = t + 1 and t + 2 by Srivastava [23] and for m = t + 3 by Shirakura [22]. 
For a balanced array with m constraints, Srivastava [23] also gave some necessary 
conditions in the form of many systems of Diophantine equations, and Srivastava and 
Chopra [24] investigated these necessary conditions extensively. For 3-symbol bal- 
anced arrays, Srivastava and Wijetunga [25] investigated a necessary and sufficient 
condition for the existence of a BA(n, t + 1,3, t; At). The proof of Lemma 7.1 of the 
paper, however, has to be corrected. Necessary and sufficient conditions for the 
existence of a BA(n, m, s, t; A,) have been obtained for m = t + 1 by Yamamoto, Kuriki 
and Yuan [29] and for m 2 t + 2 by Kuriki [lo, 111. 
We review the existence condition for a BA(n,m,s, t; A!‘,) and a construction 
procedure for a BA(n, m, s, 2; AZ). Section 2 is concerned with necessary and sufficient 
conditions for the existence of a BA(n, m, s, t; A”,). Section 3 deals with the construc- 
tion of a BA(n, m, s, 2; JZ~) based on an (r, A)-design with mutually balanced nested 
subdesigns. Finally, Section 4 presents some unsolved problems. 
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2. Existence conditions for balanced arrays 
2.1. Necessary and sufJicient condition 
Consider an n x m matrix T whose elements are from the set (0, 1, . . , s - l}. Let 
Q = { 1,2, . , m} denote the columns of T and let IO, II,. . . , I,_ 2 and I denote s mu- 
tually disjoint subsets of Q. Let v(Z,, II,. , I,_ 2) be the number of rows of T with the 
following entries: in each row the symbol 0 occurs at every column in lo, the symbol 
1 occurs at every column in II, . . . , the symbol s -2 occurs at every column in Zs_2, 
and the symbol s - 1 occurs at the remaining columns. Further let v*(Z,, I,, . . . , I,_ 2 1 I) 
be the number of rows of T with the following entries: in each row the symbol 0 occurs 
at every column in I,, the symbol 1 occurs at every column in Z 1, . . , the symbol s - 2 
occurs at every column in I, _ z, and the symbol s - 1 occurs at the remaining columns 
not in I, whereas at each column in Z any symbol from 1 to s- 1 occurs. Then, it is 
easily seen that 
v*(z,,zl, . . . ,zs_21z)= c v(z,,z~uz; )...) Z,_2uZ:._2), (2.1) 
(r;, .I:-*) 
where the summation runs over all possible ordered sets (I;, . . . ,Z$_2) of mutually 
disjoint subsets I;, , Z:_ 2 of 1. Note that the number of terms on the right side of the 
above equation is (s- l)“‘, where /SI denotes the cardinality of the set S. 
Let T, be an n x t submatrix of T obtained by deleting any m - t(= e, say) columns. 
Let Z be the set of numbers denoting these e columns. If T is a BA(n, m, s, t; A,), then 
for every family of s mutually disjoint subsets ZO,Z1, ,Zsm2 and Z of Q satisfying 
IZjI=lj,j=O,l,..., s - 2, and I Z I = e, a system of equations of the form 
i c V*(zouz~,z~, . ..) I,-,IZ-Zb)=p(lo,11, . . . ,ls_l) (2.2) 
j=O IbtW,(I) 
holds, where %Rj(Z) denotes a collection of all subsets of Z with cardinality j. 
Conversely, if there exist sm nonnegative integers v(Zo, II,. , I,_ 2) satisfying (2.1) and 
(2.2) for a given set of (s+:- ‘) nonnegative integers 
then a BA(n,m,s, t; A,) can be obtained, where (3 denotes the usual binomial 
coefficient. 
Let r(zl a2 ... c(,) be the number of times the row vector (c(~c(~ ... (x,) occurs in the 
matrix T. Then, v(Zo, II, . . . ,Zs-*) is equal to c(a1a2 ... a,) with ai=j if iEZj 
(j=O,l,..., s-2), and cCi=s-l if iEsZ-- lJsi:Zj. Let yI(filfl2 ... /&) equal 
P(lo, 11 , . . . ,lsel) for pi=02 1, . . . ,s-1 (i= 1,2, . . . , t), if the elements of (PIP2 ... pt) 
consist of lo O’s, 1, l’s, . , l,_ 1 (s - 1)‘s. For (rl y2 ... yrn) with wo(yIy2 ... Y,)=t, yi=O, 1, 
(i= 1,2 , . . . , m), let 
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where A0 = E,, A 1 =ji E, is the identity matrix of order s,jS is an s x 1 column vector 
whose entries are all unity, P 0 Q denotes the Kronecker product of matrices and 
%(YI?lZ ... Y,,,) denotes the number of O’s contained in (yl yZ ... y,). 
Arranging these 5(c(ra2 ... a,) and y(/?r lj2 ... pt) lexicographically and A(y, y, ... JJ,,,) 
in a suitable manner, we can express the system (2.2) of equations alternatively as 
A(00~~~00111 ... 11) 
A(00~~~01011 ... 11) ((0 o...o 0) 
I 
A= A(lO...0b011 ‘.. 11) 
((0 o...o 1) 
<= i”(0 o...o 2) 
A(00~~~01101 ... 11) 
I 
1 A(11 . l;loo...oo) Is i! ((s-1 s-l...s--1 s-l) 
?/(O...O 0) 
y(O...O 1) 
g= 
ii 1. y(s-1 . ..s--1 S-l) 
(2.3) 
Note that the matrix A is of size (?)s’ x P. 
Example 2.1. Let s= 3, t=2 and m= 3. Then, the system (2.3) of equations is as 
follows: 
For example, A(OOl)< =v, i.e., - - 
implies that, as a row of a submatrix of the first two columns of T, the numbers of 
occurrences of (00), (Ol), , (22) are equal to y(OO), r(Ol), . . . , q (22), respectively. The 
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equations of (2.4) are expressed in terms of v(ZO, 1,)‘s as 
r v({L 2,319 @)+v({L 2)> 13))+v({l, 2}, &=p(2,0, O), v({l, 31, {2~)+v({lL {2>3))fV({l), {2))=&, 1, O), ~(~3~~0)+~(~~~3~)‘+~(~,~)=P(o,o,2). 
respectively. 
With respect to the system (2.3) of equations, Kuriki [13] has shown that (2.3) is 
consistent. Since we have, after some calculation, 
A’A=f i 
c A~@A,#,@.@A,#_, 
j=O &,,&2,....E,=O, 1 
E,+Ez+. +E.=, 
where 
and G, is a matrix of order s whose entries are all unity, 
e-1 
rank(A)=rank(A’A)=s”- c 7 (~-l)~-j 
j=O 0 
holds. Thus, the dimension of the null space of A is 
e-1 co j=O ; (s- l)“_j. 
To obtain the required solution, it is convenient to consider the system (2.2) instead of 
(2.3). The above consideration shows that if, for example, 
e-l 
co j=O 
7 (s-l)“_’ 
nonnegative integers v( Jo, Jr, . . , J,_ 2) with 1 Jo/ de - 1 are given, then the remaining 
e-1 
Srn-- 
c(> j=O 
7 (S-l)m-j 
solutions v(Zo, I,, . . . , I,_ 2) with Ilo 13 e of the system (2.2) can be obtained according 
to the following lemma (see [ll]). 
Lemma2.1. Asetofs”-~~~~(~)(~-l)~~~solutions~(Z~,Z~,...,Z,_~)~ith~Z~~~eof 
the system (2.2) with respect to a preassigned index set 
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and given 
e-1 
c() j=O y (s-l)"_' 
nonnegative integers v( Jo, J1, . . . ,Jsm2) with lJol <e- 1 is given by 
v(Zo, 11, . . . ,Is-2)=(- 1P{Wo, 11, ... ,Ll) 
-3(Zo, 11, . . . ,Zs-2)}: 
where 
(2.5) 
(2.6) 
(2.7) 
(Zol=e+lo and IZjl=lj(j=1,2,...,s-2). 
Sketch of proof. We show (2.5) by induction on lo. Using (2.2), for lo = 0, 
v(Z, Z,, . ,Z,-,)=AO, 11, . . . ,Ll) 
e-1 
- 1 c v*(z~,zl,...,zs_*~z-z~) 
j=O I;t%l,llJ 
holds, where 111 = e. This implies that (2.5) holds for lo =O. The remaining part of the 
induction proof is straightforward and is omitted here. q 
Noting that a necessary and sufficient condition for T to be a balanced array is that 
every solution v(Zo, II, . . , I,_ 2) of (2.5) be a nonnegative integer, Kuriki [l l] has 
obtained the following. 
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Theorem 2.1. A necessary and suficient condition for the existence of a 
BA(n, m, s, t; A*) is that there exists a set of 
e-l 
c() j=O ; (S-1l)m-j 
nonnegative integers v( Jo, J1, . . . , J,_ 2) with ) Jo 1 de - 1 such that, for every family of 
s - 1 mutually disjoint subsets IO (1 IO 13 e), II, . . . , Z,_2 of .Q with respective cardinalities 
e+l,,l, ,..., lSm2, C(Zo,ZI ,..., I,-,) in (2.7) is not greater than or not less than 
@(lo, 1 1, . . . , I,_ 1 ) in (2.6) according as lo is even or odd, where e = m - t. 
Example 2.2. Let s=3, t=2, m=3, ,u(2,0,0)=,u(0,2,0)=~(0,1,1)=~(0,0,2)=2 and 
~(1, l,O)=p(l,O, 1)=3. From (2.6) and (2.7), we have @(2,0,0)=4, @(l,l,O)= 
@(l,O, l)=l, @(0,2,0)=@(0,1,1)=@(0,0,2)=2 and v’(Z,, Ii)=v*($, ZIJZo). The 
necessary and sufficient condition for the existence of such a 3-symbol balanced array 
is that there exist 8 nonnegative integers ~(4, J1) such that, for every pair of disjoint 
subsets IO and I, of { 1,2,3}, 
~“(4, I1 11,)<2, if lo=O, 
v*(+, Illlo) 1, if lo= 1, 
v*(& +I(1,2,3})<4, if lo=2 
where I I, ) = lo + 1. For example, a set of ~(4, 4)= ~(4, 
(2.8) 
(2.9) 
(2.10) 
{31)=v(4, {1,3})= 
\‘(4>{1)2,3})=0 and ~(~,{l})=~(~,{2})=v(~,{1,2})=~(~,{2,3})=l satis fies (2.8), 
(2.9) and (2.10). Hence such a 3-symbol balanced array exists. Using (2.5), we presented 
such an array in Example 1.1. 
2.2. Simple arrays 
In this section, 2-symbol balanced arrays are considered. The index u(lo, II) is 
denoted by pj, where j = 1,. Shirakura [22] considered a special balanced array and 
called it a simple array. A BA(n, m, 2, t; A&‘,) is said to be simple if it is a balanced array 
of strength m. It is obvious that a BA(n, m, 2, t; A,) is simple for m = t and t + 1. It is 
well known (cf. Yamamoto, Kuriki and Natori [28]) that a BA(n, t + 2,2, t; A,) is not 
always simple. Kuriki and Yamamoto [ 151 gave every index set for which there exist 
only nonsimple BA(n, t + 2,2, t; _&ft))s, for t = 2, 3 and 4. 
Let T be a BA(n, m, 2, t; A,). By the arguments in Section 2.1, there exists a set of 2” 
nonnegative integers v(Z) satisfying (2.2). If T is simple, then every 1 x m row vector 
containing 1 O’s and (m-l) l’s occurs exactly the same number of times (say, vl) as 
a row of T. Hence, for any subset Z of Q with cardinality 1, v(Z) = vl and this number is 
independent of Z chosen. Conversely, if, for any subset Z of s2 with cardinality 1, 
v(Z) = vt, independent of the Z chosen, then T is simple. Theorem 2.1, therefore, yields 
a necessary and sufficient condition for the existence of a simple array. 
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Theorem 2.2. A necessary and suficient condition for the existence of a simple 
BA (n, m, 2, t; ~2’~) is that there exist e nonnegative integers vO, vl, . . . , v, _ 1 such that, for 
l=O,l,..., t, 
e-1 l+e-j- 1 
CC 
l+e 
1 )( 1 
vj 
j=O 
j 
is not greater than or not less than @(l, t - 1) according as 1 is even or odd, where 
@(l, t-l)= ; ‘.. f’iX’ (-1)““/4_r,<, 
I”‘=0 ,“I=0 
and e=m-t. 
Shirakura [22] gives index sets for which a simple BA(n, m, 2, t; A%‘,) can exist. For 
these index sets, Theorem 2.2 may be useful in checking the existence of a balanced 
array. The following is another result due to Shirakura [22]: 
Theorem 2.3. A BA(n, m, 2, t; A?,) with indices such that /Lj = 0 for some j is simple. 
Sketch of proof. Suppose that there exists a BA(n, m, 2, t; A&‘~) with indices such that 
pLi* = 0. Then, there exists a set of 2” nonnegative integers v(l) satisfying (2.2): 
for every pair of disjoint subsets I, and I’ of Q such that Ilo( = 1, and II’ I= e. Using 
pi*=O, v(l)=0 for any subset I of s2 with )lI=t-j*, t-j*+ 1, . . ..m-j*. By this fact 
and Lemma 2.1, it can easily be shown that v(I)=vl for any subset I of Q with 
cardinality 1. 0 
In the remainder of this section, we consider 2-symbol balanced arrays of strength 
t with t + 2 constraints. An existence condition for such balanced arrays was given by 
Srivastava [23]. This condition corresponds to the case s = 2 and e = 2 in Theorem 2.1. 
An existence condition for simple arrays with m = t + 2 can be given using Theorem 2.2 
with e=2. 
Theorem 2.4. A necessary and sufficient condition for the existence of 
a BA(n, t + 2,2, t; .A%‘~) is that there exists a set oft + 3 nonnegative integers v(4), v(l), 
v(2), . . . , v(t + 2) such that 
v(l)<v(2)<...dv(t+2) 
and that, for l=O, 1, . . , t, 
1+1 
(2.11) 
(l+l)v($)+ 1 v(t-1’+2)fqt, if1 is even, 
I’=0 
(2.12) 
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and 
1+1 
(1+ l)v(4)+ C v(l’+l)>qL, ifl is odd, (2.13) 
I’=0 
where 
q[= c (-l)“(l-I’+l),LL_I’. (2.14) 
I’ = 0 
Here v({i}) is denoted by v(i)for brevity. 
Theorem 2.5. A necessary and suficient condition for the existence of a simple 
BA(n, t + 2,2, t; ~2’~) is that there exist two nonnegative integers v. and v1 such that, for 
1 =O, 1, . , t, (1+ l)v, +(1+2)v, is not greater than or not less than cpL according as 1 is 
even or odd, where q, is given in (2.14). 
The indices ~j can be expressed in terms of q+‘s, which are obtained according to the 
following lemma (see [12]). 
Lemma 2.2. The inverse relation of (2.14) is given by 
~j=(-l)‘-j(~t~j-2~,-j-l+~t-j-2) 
forj=O, 1, . . . , t, where q _ 1 = q _ 2 = 0 for convenience. 
For balanced arrays of strength t with t+2 constraints, Kuriki [12] generalized 
Theorem 2.3 in the sense that the existence of balanced arrays can be determined by 
the existence of simple arrays. 
Theorem 2.6. There exists a BA(n, t + 2,2, t; ~2’~) if and only if there exists a simple 
BA(n’, t + 2,2, t; LzZ’;) with indices ,L$ such that, for some integer h (0 d h d t + l), 
pS=pj-py(h) 
holds for all j = 0, 1, . , t, where 
( 
min{t-j+2,h)-2max{O,h-j-lj+min{t-j,hj, 
&‘(h) = 
i 
if t-j is even, 
-max{O,h-j}+%min{t-j+l,h}-max{O,h-j-2}, 
(2.15) 
if t-j is odd. 
Sketch of proof. We give the sketch of the proof of the ‘only if’ part. If there exists 
a BA(n, t +2,2, t; AT’,), then, by Theorem 2.4, there exists a set of t + 3 nonnegative 
integers v(4), v(l), v(2), , v(t + 2) satisfying (2.1 l), (2.12) and (2.13). These values of 
v(4), v(l), v(2), . , v(t + 2) are denoted by v’(4), v’(l), v’(2), . . , v’(t + 2), respectively. 
Consider two nonnegative integers u and h such that z=u(t +2)+ h(O< h < t + l), 
where z= v’(l)+ v’(2) + ... + v’(t + 2). Then a set of t + 3 nonnegative integers 
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44) = v’(d4 v(l)=v(2)=...=v(t-k+2)=u and v(t-k++)=v(t-k+4)=...= 
v(t+2)=u+ 1 also satisfies (2.11), (2.12) and (2.13). Using Theorem 2.5 and 
Lemma 2.2, we can show that there exists a simple BA(n’, t + 2,2, t; Ai) with index set 
{,&,p;, . . . ,&} such that pJ=pj-_j’(k). 0 
It is noted in Theorem 2.6 that, for every j, pL;(O) = 0 and ,uj’(k) 3 1 (k = 1,2, . . . , t + l), 
and that there exists a BA(n”, t +2,2, t; A:) with indices ,aLb)(k),py(k), . . . , pL:)(k) for 
every integer k (1 d k d t + 1). 
Theorem 2.6 states that the existence of a BA(n, t + 2,2, t; ~2’~) with ~j= 0 for some 
j is equivalent to the existence of a simple array with the same parameters. On the 
other hand, Theorem 2.3 states that such a balanced array is always simple. 
Example 2.3. Let t=2 and m=4. Then, we have, from (2.15), &(O)=~~(O)=&‘(O)=O, 
11~(1)=~L;(1)=2,~‘;(1)=1,~;;(2)=2,y’;(2)=3,111;(2)=2,~;;(3)=1 andpy(3)=p;(3)=2. 
(1) The existence of a BA(8,4,2,2; .H2) with indices p0 = 1, pi =2 and p2 = 3 
is equivalent to the existence of a simple BA(8,4,2,2;&;) with the same index 
set or a simple BA(1,4,2,2;_&‘;) with indices pb=p’, =0 and PL; = 1. Since there 
obviously exists a simple BA(l, 4,2,2; &?‘i) with indices pb =y; =0 and PL; = 1, 
a BA(8,4,2,2; Jz‘~) with indices ,uo = 1, pi = 2 and p2 = 3 exists. 
(2) The existence of a BA(9,4,2,2; J%‘~) with indices p. = 1, pi = 3 and ,uz =2 is 
equivalent to the existence of a simple BA(9,4,2,2;.&&) with the same index set or 
a simple BA(2,4,2,2;&‘;) with indices pb=O, p’, = 1 and pi =O. Since there do not 
exist, by Theorem 2.5, such simple arrays, a BA(9,4, 2,2;&Y2) with indices /_to= 1, 
pi = 3 and pcz = 2 does not exist. 
By use of Theorems 2.5 and 2.6, Kuriki [12] has improved the existence condition 
for a BA(n, t + 2,2, t; At) in Theorem 2.4 as follows. 
Theorem 2.7. A necessary and sujicient condition for the existence of 
a BA(n, t + 2,2, t; A?,) is that there exist two nonnegative integers v. and v1 suck that, for 
l=O,l,...,tandsomeinteger k(O~k~t+1),(1+l)vo+(1+2)v, isnotgreater tkanor 
not less than cp; according as 1 is even or odd, where 
q;= cp,--in{l+2,k}, 
i 
if 1 is even, 
cp,-max{O,k-t+1}, if 1 is odd. 
Here cpl is given in (2.14). 
3. Construction of balanced arrays 
In this section, s-symbol balanced arrays of strength 2 are considered. The index 
p(lo,l,, . . . , l,_1) with 1;:: 1,=2 is briefly denoted by ,Q if l,=l,= 1 (c(</I), and ,uaa 
if 1,=2. 
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3.1. (r, %)-designs with mutually balanced nested subdesigns 
An (r, L)-design is a pair (V, S?), where V is a set of u points and g is a collection of 
subsets (called blocks) of V satisfying the following conditions: 
(i) every point occurs in precisely r blocks, 
(ii) every pair of distinct points occurs in precisely 1. blocks. 
In particular, if each block contains k points, then it is called a balanced incomplete 
block design, and denoted by (u, k, I.)-BIBD. 
It is obvious that the existence of an (Y, A)-design (V, a) is equivalent to that of 
a BA(b, L;, 2,2; AZ) with indices pi 1 = A, ,uol = r - A and pOO = b - 2r + E,, where b is the 
number of blocks of g. Dey, Kulshreshtha and Saha [6] have shown a construction 
of 3-symbol balanced arrays from BIBD’s. Kageyama [9] has generalized their results 
to the case of s( 3 3)-symbol balanced arrays. 
Let (P’, 8) be an (r,A)-design. Suppose that each block BEG is partitioned into 
g subblocks B1 , B2, . . . ,B, (some of which may be empty). We denote a collection of 
u-th subblocks B,‘s for each BEGS by &?E and II = {ai, 9iY2, .. . , Bg}. A triple (V, 98, I7) 
is called an (r, j*)-design with mutually balanced nested subdesigns (for brevity, an (r, A)- 
design with MBN) if it satisfies the following conditions: 
(i) (V, .g,) is an (r,, &)-design for CI = 1,2,. . . , g, 
(ii) for distinct points x and y of V, the number of blocks B of a containing x in c+th 
and y in /I-th subblocks of B is %,, P which is independent of the x and y chosen. 
Note that 3.,, B = E.,, a and & = %,, 31. It is easily seen that 
Kuriki and Fuji-Hara [14] introduced the (r, A)-design with MBN and showed the 
following. 
Theorem 3.1. The existence of an (r, I.)-design (V, &I, IZ) with MBN is equivalent to that 
of a BA(b, v, s, 2; Jz+‘~) with indices 
(3.1) 
where u=l I/(, b=\Bg( and s=\U\+l. 
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Sketch of proof. For an (r, A)-design (V, $8, n) with MBN, we define a b x u matrix 
T= CG,, A as 
CI, if a point x of V occurs in the cl-th 
t U, x= 
I; 
subblock of the u-th block of a’, 
0, otherwise. 
Then the matrix T is a required BA(b, u,s, 2;Jz). Conversely, suppose that there 
exists a BA(b, u, s, 2; dz) with indices (3.1). By a similar argument, we can easily show 
that there exists an (r, A)-design with MBN. 0 
Example 3.1. Let P’= { 1,2,3} and $9 be a collection of 22 blocks: 
(11, {2}, (3}, twice 
{1,2}, {1,3}, {2,3}, {1,2,3}, four times. 
The pair (V, g’) is obviously an (r, A)-design with r = 14 and ,?= 8. We partition each of 
these blocks into two subblocks as follows: 
{l>u6 @U{l1> {2)u6 (21u4, $U{3)> 4U{31> 
{1,21u$, {l>u{2), 4u{l,2}, +U(l,2j, 
The triple ( V, g’, IZ) is an (r, %)-design with MBN having parameters rl = r2 = 7 and 
1*1=&=&J= 2, where Il= {9J1, 9?12} and 9~9~ and .Y%?~ are collections of the first and 
the second subblocks of each block of g, respectively. A 22 x 3 matrix T, as defined in 
the proof of Theorem 3.1 for the (r, I.)-design (V, 93, I7) with MBN, is 
a BA(22,3,3,2;~&‘~) with indices p12=p11=pL22=2, p01=p0z=3 and poo=2. After 
some rearrangement of rows, this balanced array is seen to be the same as the one in 
Example 1.1. 
3.2. Construction of (r, A)-designs with mutually balanced nested subdesigns 
Let (V, 98) be an (r, I)-design. Suppose that each block of 98 is partitioned into 
g subblocks and some of which may be empty. We denote the collection of all 
subblocks by 9?‘. A triple ( V, &I, 29’) is said to be a nested (r, %)-design if every pair of 
distinct points of V occurs in precisely 3,’ blocks in 59’. If each block contains k points 
and each subblock contains k’ points, then the triple ( V, 93, 29’) is called a nested BZBD, 
and denoted by NBIBD(v; k, A; k’, A’). Obviously, 
vr = bk = b’k’, 1.(v-l)=r(k-1) and n’(v-l)=r(k’-1), 
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where v = 1 V/, b = ISi9 and b’ = 137 I. The nested BIBD was introduced by Preece [ 181 
along with a list of nested BIBD’s for small values of parameters. 
Using a nested (r’, X)-design and an orthogonal array, Kuriki and Fuji-Hara [14] 
have constructed an (r, i)-design with MBN. 
Theorem 3.2. Zf there exist a nested (r’, X)-design ( V, B‘, BY’) and an OA(g’, g + 1, g, 2; 1) 
for which g is the number of subblocks in each block of 93’, then there exists an 
(r, ).)-design ( V, P8, Ii’) (InI =g) with MBN having parameters 
r,=(g- l)r’, 2, = (g - 1)A” and I_,, B = A’ - ,I”, 
where i” is the number of blocks of 93” containing any pair of distinct points of V, 
The idea of the proof of the theorem can be seen in the following example. 
Example 3.2. Let I’= { 1,2,3,4} and &7’ be a collection containing a block { 1,2,3,4} 
four times. The pair ( V, $3’) is obviously an (r’, A/)-design with r’ = 4 and A’ =4. We 
partition each of these blocks into three subblocks as follows: 
{1,2}~{3,4)u~> (1,3}~{2,4}u+, 
{1,4}~{2}~{3}, {2,3}u{l}u{4}. 
The triple ( V, @‘, g”) is a nested (r’, X)-design with A” = 1, where 3” is the collection of 
all subblocks. Using an OA(9,4,3,2; 1) A = [a,,, .I, which is standardized as 
I 
012012012’ 
A= 
120201012 1 201120012 ’ 000111222 
for each block B’ of #, we construct 6 blocks such that the cr-th subblock of the u-th 
block is the (a,_ + 1)-th subblock of B’ for 1 du 66 and 1 bc(<3. Let G? be the 
collection of these 24 blocks: 
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The triple ( V, S?‘, IT) is an (r, %)-design with MBN having parameters Y =A= 24, 
r,=r,=r3=8, &=%,=I,=2 and 1,,,=I,,,=& 3=3, where lI={%?i,%51,B3) 
and gl, B2 and gA are collections of the first, the second and the third subblocks of 
each block of &?, respectively. 
The following is an immediate consequence of Theorems 3.1 and 3.2. 
Corollary 3.1. If there exist a nested (r, A)-design (V, 49,93’) and an 
OA((s- l)‘, s, s- 1,2; 1) for which s- 1 is the number of subblocks in each block of ~3, 
then there exists a BA((s - 1) (s - 2) 6, v, s, 2; J&‘~) with indices 
i 
I” - %‘, tf a<B, %PfO, 
(s-2)/2’, if a=I)#O, 
ua’ = (s - 2) (r - A), if a=0 and b#O, 
(s- l)(s-2)(b-2r+%), if a=p=O, 
where v = 1 VI, b = (93 1 and A’ is the number of blocks of 37 containing any pair of distinct 
points of V. 
Let ( V, g) be an (r, A)-design. For each block BEPZ, we partition B into 2 subblocks 
B and 4. Then the triple (V, SFI!, 9) is a nested (r, I)-design. By Corollary 3.1, we can 
construct a BA(2b,v, 3,2;dz) with indices ~1 -0 2- , AI=P~~=& h=h=r-J. 
and ploO = 2(b - 2r + %). This is the case discussed in Dey, Kulshreshtha and Saha [6]. 
If we partition each block B into 
Kageyama [9]. 
Several methods of constructing 
and Robinson [7], and Jimbo and 
have shown the following. 
B, c$, 4,. . . , then we have the case discussed in 
nested BIBD’s have been established by Home1 
Kuriki [S]. In particular, Jimbo and Kuriki [S] 
Theorem 3.3. Let q be a prime or a prime power. Then, for any positive integers d 
and d’ such that d >d’, there exists a NBIBD(qN;qd,&qd’,X), where N =d +d’, 
A=d(N-2,d-2, q) and A’=+(N-2,d’-2,q). Here 
(#)(N_l d_l q),(4~-l)(9~-‘-l)~Wd+‘-l) 
, , 
(qd-l)(qd-r-l)...(q-l) 
Since it is well known (cf. Raghavarao [20]) that there exists an 
OA( (s - l)*, s, s - 1,2; 1) for a prime or a prime power s - 1 = qdPd’, an application of 
Theorem 3.3 to Corollary 3.1 yields the following. 
Corollary 3.2. Let q be a prime or a prime power. Then, for any positive integers 
d and d’ such that d >d’, there exists a 
BA(qd(qd-d’-1)~(N-l,d’-l,q),qN,qd-d’+1,2;~2) 
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: 
(q”‘kt- l)jY, if xc@, a,B#O, 
y> if a=fl#O, 
PEP = 
qd y, if cc=0 and B#O, 
qdmd’(q‘Y-qd- l)Y, if (x=/I=o, 
where N=d+d’and !P=(qd-d’-1)d(N-2,d’-2,q). 
We consider a direct construction of (r, A)-designs with MBN. Let o be a prime 
or a prime power and let V=GF(v), a finite field of order v. For any subsets W 
and W’ of V, let W+ W’, W- W’ and Wo W’ be multisets {W+W’)WE W,W‘EW’}, 
{w- W’~WE W, W’E W’} and {WW’IWE W, W’E W’}, respectively. For brevity, {w} + W 
and {w} c w’ are denoted by w + w’ and w IV’, respectively. For an integer p satisfying 
p 1 (u - l), we define the set Hi= {x0 I 8 = u (mod p)}, where x is a primitive element of V. 
Clearly Hi is a subgroup of I/. Denote it by Hp. We select an element c,, from each 
H,P and call elements of the set C,= {co, cl, . . . ,cp_ 1 > representatives of the cosets 
modulo HP. Then V- {O} = HP 0 C,. 
The following lemma is well known (see Wilson [26]). 
Lemma 3.1. Let V=GF(v) for a prime or a prime power v=pf+ 1. For a t-subset L of 
C,, let B = L 0 HP, i.e., B is a union of z cosets of HP,, HI;, . . . , Hi_ 1. Further let %I be 
a collection of blocks y + cB for YE Vand CE C,. Then the pair ( V, 93) is a (v, ft, T( fz - l))- 
BIBD, where C, is a set ?f representatives of the cosets modulo HP. 
Using Lemma 3.1, Kuriki and Fuji-Hara [14] have shown the following. 
Theorem 3.4. Let V=GF(v) for a prime or a prime power v=pf+ 1. For any mutually 
disjoint subsets L1, L2, . , L, of C,, z, = I L,I, let B, = L, 0 HP and B = B1 v B2 u ... v B,. 
Further let %? and Bz be collections of blocks y + cB and z-th subblocks y + cB, for YE V 
and CEC,, respectively. Then the triple (V, 8, II) is an (r =pfi, A=~(fi - 1))-design with 
MBN having parameters 
rz=pfTzT &=t,(,fT,- 1) and A,, p=fznzp, 
where C, is a set qf representatives of the cosets modulo HP, ll= {SJI, Bz,. . . ,SYg} 
and T=E~=~ z,. 
Note that the design (V, 93) is a (v,fi, z( fi - l))-BIBD and the a-th subdesign ( V, g’,) 
is a (v, fin, x3( fTn - l))-BIBD. 
The following example illustrates the idea of Theorem 3.4. 
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Example 3.3. Let p=4, f=3 and C4 = { 1,2,4,8) for a primitive element 2 of 
V=GF(13). For disjoint subsets L1 ={1} and L2= {2} of Cq, two blocks B1 and B, 
are given as 
B1=L10H4={1,3,9} and B,=LZ~H4=(2,5,6}, 
where H4 = { 1,3,9}. Let $J and g!cl be collections of blocks y + cB and cc-th subblocks 
y + cB, for yg V and CEC~, respectively, where B = B1 u B,. Since the design ( V, 94) 
is constructed cyclically, it is characterized by blocks containing the point 0. Such 
blocks are obtained from cB (cEC~), i.e., { 1,3,9}u{2,5,6}, {2,6,5}u{4,10,12}, 
(4,12,lO}u{8,7,11} and {8,11,7}u{3,1,9},asfollows: 
{ 0, 2, 8}u { 1, 4, 5> ’ { 0, 4, 3}u{ 2, 8,lO> 
111, 0, 6}u{12, 2, 3) { 9, 0,12}u{ll, 4, 6) 
{ 5, 7, O>u{ 6, 9, IO> (10, 1, O)u{12, 5, 7) 
(12, 1, 7)u{ 0, 3, 41’ (11, 2, l}u{ 0, 6, 8}’ 
{ 9,11, 4}u{lO, 0, 1> { 5, 9, 8) u { 7, 0, 2) 
{ 8,10, 3}u{ 9,12, O} { 3, 7, 6}u{ 5,119 O} 
{ 0, 8, 6}u( 4, 3, 7) { 0, 3,12} u ( 8, 6, 1> 
{ 5, O,ll}u{ 9, 8,12) (10, 0, 9>u{ 5, 3,11} 
{ 7, 2, O>u{lLlO, 1) { 1, 4, O>u{ 9, 7, 2) 
{ 9, 4, 2) u { 0,12, 3)’ { 5, 8, 4) u { 0, 11, 6) ’ 
(10, 5, 3}u{ 1, 0, 4) ( 7910, 6) u { 2, 0, 8) 
{ 6, 1,12}u{lO, 9, O} (12, Ul}u{ 7, 5, O} 
(3.2) 
Lemma 3.1 shows that ( V, 99) is a (13,6,10)-BIBD and (V, 98J is a (13,3,2)-BIBD. 
Every nonzero point of V’ occurs three times in the first subblocks not containing the 
point 0 of (3.2). The triple ( V, 39, IZ) is, therefore, an (r = 24, 2 = lO)-design with MBN 
having parameters r,=rz=12, Al=&=2 and 111,2=3, where Il={%?r,gZ}. 
Combining Theorems 3.1 and 3.4 yields the following. 
Corollary 3.3. Let v = pf + 1 be a prime or a prime power. Then, for a set of s - 1 positive 
integers z~,~~,...,~~_~ such that c:I: s,<p, there exists a BA(pv,v,s,2;~?~) with 
indices 
I 
f&T/J, if a<P, 4B#O, 
%(f~ol- 11, if cc=p#O, 
A,= 
ql{f(P-4+1), if a=0 and /?#O, 
(P--z){f(p--z)+l), tf '*=P=O, 
where t =C”,zt z,. 
When 4q + 1 is a prime or a prime power, Chakravarty and Dey [3] gave 
a BA(8q+2,4q+1,3,2;AZ) with indices p12=2q, ,~~~=p~~=2q-l, po1=~02=1 
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and poO = 0. This construction is a special case of Corollary 3.3 with p = 2, f = 2q, s = 3 
and r,=r2=1. 
4. Related unsolved problems 
In Section 2.2, we considered a simple array. Kuriki and Yamamoto [ 151 gave every 
index set J%!, for which there exist only nonsimple BA(n, t+2,2, t; JZ~)‘S for t=2, 3 
and 4. 
Problem 4.1. Characterize index sets J&‘~ for which there exist only nonsimple 
BA(n, t + 2,2, t; d,))s for t 3 5. 
The necessary and sufficient condition for the existence of a BA(n, t + 2,2, t; df) 
obtained in Theorem 2.4 was simplified in Theorem 2.7. 
Problem 4.2. Simplify the existence condition of a BA(n, m, 2, t; ~2’~) with m> t + 3. 
If a BA(n, m, s, t; At) is an s-symbol balanced array of strength m, then it is called 
a simple array. Using Theorem 2.1, we can easily obtain a necessary and sufficient 
condition for the existence of a simple BA(n, m, s, t; A,). A sufficient condition for 
a 2-symbol balanced array to be simple was discussed in Theorem 2.3. 
Problem 4.3. Give a sufficient condition for an s-symbol balanced array to be simple. 
Using a BA(n,m,2,2; JZ2) with index set {~0,~1,~L2} such that pO=pl or pL1 =pL2, 
Rafter and Seiden [19] constructed a BA(2n,m+ 1,2,3; A3). Furthermore, they 
showed that if m is the maximum number of constraints of a BA(n, m, 2,2; AZ), then 
m+ 1 is the maximum number of constraints of a BA(2n,m+ 1,2,3; As). 
Problem 4.4. Improve the result given by Rafter and Seiden [19] for larger strengths. 
It is not easy to obtain a direct construction of (r, A)-designs with MBN. As 
a construction of such (r, %)-designs, pairwise partially balanced designs and ortho- 
gonal arrays were used by Chakravarti [2] and nested (r, I”)-designs and orthogonal 
arrays were used in Theorem 3.2. 
Problem 4.5. Find methods for constructing (r, A)-designs with MBN. 
Two types of asymmetrical balanced arrays (ABA) were defined by Nishii [17]. 
Consider an n x (m, + m2) matrix T= [T (l). Tc2)] such that T(‘) are of size n x m, and ,
that elements of T”) are from a set (0, 1, . ,Si- 1) Of Si symbols. Let [Tb”; Tb2’] (= To, 
say) be a submatrix of T of size n x (tl + t2) in which T$) are of size n x ti and are 
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composed of ti columns of T”‘. A matrix Tis called an (si , s2)-symbol ABA 1 ofstrength 
(tl, tz), with (ml, mz) constraints and index set 
if for fixed values ti (< mi), every submatrix r0 is such that every 1 x (ti + t2) row 
vector containing Ig’O’s 1”’ l’s > 1 j...,Ijf’_l(Si-1)’ s in T$’ occurs exactly 
40 Cl’, I\” ) . . . ) /$:‘I; lb”, I$“‘, . . . ) 1:;’ 1) 
times as a row of TO. As another type of ABA, T is called an (si, s2)-symbol ABA2 of 
strength t, with (ml, m2) constraints and index set 
if for any nonnegative integers ti ( <mi) satisfying tl + t2 = t, every submatrix TO is such 
that every 1 x (tl + t2) row vector containing /$)0’s, ly’ l’s, . . . , lt)- 1 (si- 1)‘s in T’,” 
occurs exactly 
L40 Cl’, I\” ) . . . ) Ig’1; lb”‘, vi”, . . . ) $;‘I I(t1, tz)) 
times as a row of TO. If s1 =s2(=s, say), then the array is called an s-symbol partially 
balanced array (PBA). Kuwada and Kuriki [16] obtained some existence conditions 
for a 2-symbol PBAl with ml +m2 <tl + t2 + 2 and for a 2-symbol PBA2 with 
ml+m2dt+2. 
Problem 4.6. Give existence conditions for such asymmetrical and partially balanced 
arrays. 
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